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Abstract 
Rivara, M.-C., Local modification of meshes for adaptive and/or multigrid finite-element methods, Journal of 
Computational and Applied Mathematics 36 (1991) 79-89. 
A mesh generation approach that allows the local modification of meshes of simplices is reviewed and discussed. 
The generation and modification of sequences of nested irregular grids, as needed for multigrid algorithms in the 
adaptive finite-element setting, can also be managed. In 2 dimensions the meshes constructed are guaranteed to 
be nondegenerate and smooth. Empirical evidence has shown the 3D algorithm is in practice a powerful and 
reliable tool for mesh refinement. 
Keywords: Numerical grid generation, 2D and 3D meshes, adaptive algorithms, multigrid methods, sequences of 
nested meshes, finite-element method. 
1. Introduction 
Numerical grid generation is one of the most important aspects in the numerical solution of 
partial differential equations on irregular geometries, especially by means of adaptive finite-ele- 
ment methods and multigrid algorithms [1,2,4]. In these contexts, the selective and local 
refinement of the mesh throughout the computations arises as a natural and desirable feature. 
Furthermore, in order to develop practical multigrid procedures, the automatic construction of 
sequences of nested irregular discretizations [4,8,10] is crucial. 
For purposes of automating the mesh generation process, simplices have great advantages 
because their flexibility to approximate irregular regions by means of irregular discretizations. 
However, even though triangles have been used to develop several mesh refinement procedures in 
recent years [3,6-lo], less work has been done in this direction in three dimensions [5,11]. 
In this paper a mesh generation approach is reviewed which, in 2 dimensions, guarantees the 
construction of nondegenerate and smooth irregular triangulations. This is also a basis to 
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generate and modify (by means of adaptive or iterative refinement and/or derefinement) 
sequences of nested and irregular grids as needed for practical multigrid methods. 
In 3D, an analogous refinement algorithm with the same operational properties as the 2D 
algorithm, has been developed. While the nondegeneracy of the algorithm has not yet been 
proved in the 3D setting, an empirical study has shown that this algorithm is in practice a useful 
and reliable tool for mesh refinement. 
2. The 2D refinement algorithms 
In order to discuss the algorithms it is necessary to introduce some definitions. 
Definition 1. A triangulation r will be conforming if the intersection of any pair of nondisjoint 
triangles is either a common vertex or a common side. 
Definition 2. The generalized bisection of a triangle will be the bisection of the triangle by the 
midpoint of the longest side. (For an illustration, see the bisection of triangle ABC in Fig. l(a).) 
When the bisection is performed by the midpoint of any side S, this will be called a simple 
bisection of the triangle. 
Definition 3. A triangle t will be called a &nonconforming triangle if there exists at least a 
hanging nonconforming midpoint P over one of its sides (see, for example, triangle ABD in Fig. 
l(a)). Consequently, the point P will be called a &zonconformingpoint. 
In addition, consider the conforming procedure which makes a &nonconforming point P of 
triangle t E 7 conforming. This is performed as follows. 
Conforming Procedure (7, t, P). (See Fig. l(a).) 
(a) Perform a generalized bisection of t and obtain Q (see Fig. l(b)). 
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Fig. 2. 
Notice that a &nonconforming point Q can be generated throughout the process in Step (a). 
Thus, for any given nondegenerate and conforming triangulation 7 and for any target triangle 
t E 7, the 2-triangles algorithm (which divides t in 2 parts) is the following. 
Algorithm (2-triangles algorithm). 
Input { T, t } 
Perform the generalized bisection of t 
(let P be the midpoint generated) 
While P is the $-nonconforming midpoint of a triangle t * do 
Make the point P conforming and obtain Q 
P:= Q 
output { 7 * } 
Note that the while-loop corresponds to the refinement propagation to assure conformity. A 
4-triangles algorithm which divides each target triangle in 4 parts, as shown in Fig. 2, can easily 
be stated [9,10]. In this case the refinement propagation must be performed to conform points P, 
Finally, we shall introduce a 2-triangles generalized bisection algorithm (the original algorithm 
developed in [7]) which makes recursive use of the generalized bisection of triangles. This has 
been the basis to develop the 3D algorithm. Notice that in this case, to conform a point P, the 
neighboring triangle is repeatedly bisected by the longest side till the longest side is the common 
side containing point P. 
Original-mesh-refinement-algorithm { r, t } 
Perform the generalized bisection of t 
(let P be the midpoint generated) 
While P is the &nonconforming midpoint of a triangle t * do 
Original-mesh-refinement-algorithm { 7, t * } 
3. A 2D derefinement algorithm for sequences of nested triangulations 
In this section we shall manage sequences of nested triangulations { r/, } , namely such that each 
triangle in T/, is contained in a triangle of rk_ i_ Note that the iterative use of the refinement 
algorithms of the preceding section produces sequences of nested triangulations. 
From the point of view of the management of a sequence of nested triangulations [lo], the 
refinement of rk means the creation of a new grid to be added to the sequence which does not 
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modify the history of the refinement. The application of the derefinement algorithm, however, is 
from this point of view a procedure which implies the modification of several discretizations of 
the sequence in order to maintain the nestedness of the meshes. To illustrate these ideas, consider 
the sequence (a) of triangulations in Fig. 3, which have been obtained through successive 
refinement of the preceding triangulation. In this example one can see that each step of the 
refinement algorithm has meant the creation of a set of nodes and sides. Suppose that we now 
want to derefine the triangle t in the last triangulation by maintaining the nestedness of the 
meshes. It becomes evident that we need to modify every triangulation of the sequence that 
contains triangle t. In consequence, the derefinement procedure should also modify the history of 
the refinement, which is part of the sequence of triangulations as shown in Fig. 3(b). 
Thus, if we have a sequence Q, r,, . . . , T_~, 5,. . . , r/, of nested triangulations (that is generated 
by iterative application either of the 2-triangles and/or of the 4-triangles refinement algorithm), 
the step from r,_i to rj can be seen as a procedure that creates new nodes and sides. To make 
these ideas clear we introduce the following definition. 
Definition 4. A node n is a j-new node if it has been created in 3; a triangle t is a j-new triangle 
if it has been obtained by refinement of some triangle t * E T_ 1; and a side s of 7j is a j-new side 
if it is not a segment of the side of any triangle in 71-i. 
M.-C. Rivara / Numerical grid generation 83 
To illustrate this idea, consider the third triangulation of Fig. 3(a) obtained by means of 2 
iterative applications of the refinement algorithm where the number associated with each node 
corresponds to its level of creation. Thus, in the third triangulation of the sequence all the nodes 
marked with a 2 are 2-new nodes; all the triangles having at least one 2-new node as a vertex are 
2-new triangles; and each side defined at least by means of a 2-new node, which is not the 
segment of the side of any triangle in ri, is a 2-new side. 
The following propositions form the basis of the 2-triangles derefinement algorithm. 
Proposition 5. Let rj_1 be a conforming triangulation and 71 be the triangulation obtained after one 
iteration, either of the 2-triangles or the 4triangles refinement algorithm. Then each side of rj_, is 
divided at most in two equal parts in 7j and each triangle of 7j_1 is divided at most in 4 new 
triangles in r-. 
Proposition 6. Each triangle in 7, has at least one j-old vertex and each j-new triangle has at least 
one j-new vertex. 
In this framework, the derefinement algorithm of a j-new triangle can be seen as a procedure 
that eliminates vertices and sides from rj and from the subsequent triangulations. To illustrate 
these ideas, return to the example of Fig. 3: once we have determined the level j = 3 (the level 
where triangle t was created) and the vertex P of t to be eliminated, we should also eliminate all 
the neighboring j-new nodes of P and the j-new neighboring nodes of each of them, and so on, 
recursively. The same criteria should be applied to the next level j + 1 where we should eliminate 
all the (j + 1)-new neighboring vertices of the nodes eliminated in the preceding step, and all 
those recursively connected to them at level j + 1. 
Thus, for sequences of nested triangulations the derefinement algorithm can be schematically 
described as follows. 
{ 2-triangles derefinement algorithm } 
(0) Input { rO, ri, . . . , 5,. . . , rk, t } 
(1) Find j such that t is a j-new triangle 
(2) V consists of the j-new vertex P to be eliminated from t 
(3) For i = j, j + 1,. . . , k do 
(i) Let W be the set of i-new neighboring nodes of the nodes of V 
(ii) Modify W recursively adding all the i-new neighboring nodes of the nodes of W 
(iii) V= VU W 
(iv) Eliminate of r, each node u such that v E I/ 
(v) Eliminate of 71 each i-new side having at least one vertex in V 
Endfor 
For i > j, V contains the nodes that were eliminated in the preceding level, which in turn 
should also be eliminated from all posterior levels. 
Note that it is possible to state a derefinement algorithm to derefine the last triangulation rk 
without storing the preceding triangulations. In order to do this, it is enough to store the level of 
creation associated with each node (the level j where the node is a j-new vertex). 
An original derefinement algorithm, which reconstructs grids that could be obtained by means 
of the original refinement algorithm of Section 2, could also be developed. This algorithm will 
certainly be more complex than the preceding one, since each triangle could be divided into more 
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than 4 parts in each refinement step. 
Finally, in order to illustrate the refinement/derefinement algorithms, see Fig. 4, where 
triangulation (b) was obtained by means of simultaneous refinement and derefinement of 
triangulation (a). 
4. Properties of the 2D refinement/derefinement algorithm 
In order to show the properties of the 2D algorithms, the family of ((Y, 6)-irregular triangula- 
tions [lo] will be introduced. 
Definition 7. T( (Y, 6) will be a family of (q 6)Arregular triangulations if for any T E T( (Y, 6), the 
following three conditions hold. 
(i) T is conforming (the intersection of two nondisjoint nonidentical triangles is either a 
common vertex or a common side). 
(ii) Let (Y, be the minimum interior angle of t E T; then 
mina,~~>O, 
fET 
where CX, 6 are constants. 
(iii) For any pair of side-adjacent triangles t,, t, E 7 (with respective diameters hi, h,): 
mwb h2) > 6 > o 
m=(h,, h2) ’ . (1) 
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Condition (ii) is the standard nondegeneracy condition normally required in the finite-element 
method, while condition (iii) corresponds to a smoothness condition for irregular discretizations. 
The constants (Y and 6 indeed characterize the family of irregular triangulations, with the 
constant 8 depending on (Y and the initial triangulation. 
The following properties of the iterative generalized bisection of a unique triangle are 
important to establish the properties of the 2D algorithms. 
Theorem 8. Let r0 be an initial triangulation composed of the unique triangle t,, and let r/, be the 
triangulation obtained by generalized bisection of all the triangles of rk_ 1, for k = 1, 2,. . . . 
Consider a, the minimum interior angle of triangle t and define the maximum diameter of 7k as 
follows: 
h,= maxh,, k=l, 2 ,..., 
t E TA 
where the diameter h, of t is the longest side of t. Then (a) mint E ,kat 2 tatO, for k = 1, 2,. . . ; 
(b) all the triangles generated belong to S( to), a finite class of similarly distinct triangles. 
Note that the triangulations of the preceding theorem are in general nonconforming. 
Proposition 9 guarantees that even if triangles are not always bisected by the longest side, all 
the triangles generated remain in S(T~), and Proposition 10 assures the finiteness of the 
algorithms. 
Proposition 9. Let t be a nondegenerate triangle. The iterative use of either the 2-triangles or the 
4triangles algorithm only produces triangles that belong to S( to). 
Proposition 10. The refinement/derefinement algorithms always terminate in a finite number of 
steps. 
Finally, the main result can be stated [lo]. 
Theorem 11. For any initial conforming triangulation r0 and any finite integer k > 0, let Lk( rO) be 
the set of ordered lists l,( rO) = ( rO, r,, . . . , rk) of conforming triangulations obtained from r0 by 
means of k iterative applications of the refinement/derefinement algorithm. 
(a) The triangulations of lk( r,,) are nested, name& 
r/, C rk_l C . * * C r. 
for any I,( r,,) E Lk( rO) and for any k. 
(b) Each r E I,( rO) belongs to the same fami& of (a( r,), S( To))-irregular triangulations, for any 
lk( rO) E Lk( rO) and for any k. 
Furthermore, the constants which define the family are as follows: 
where 1, and h, are respectively the minimum and the maximum side of t, and S( rO) is the union of 
all the finite classes of similarly distinct triangles obtained by generalized bisection of the triangles of 
TO- 
86 M.-C. Rivara / Numerical grid generation 
Proof. Part (a) follows from the properties of the refinement algorithm and from the construction 
of the derefinement algorithm. 
In order to prove part (b) of the theorem, we must check conditions (i)-(iii) of Definition 7. 
The first condition is obvious since the algorithms have been designed to assure conformity. The 
third condition follows immediately from Proposition 9 and part (a) of Theorem 8. 
To prove part (ii) of Definition 7, consider r E Ik( rO), for any Ik( T,,) E Lk( TV) and any k. Then 
for any pair t,, t, of side-adjacent triangles in r such that h,, < hf2, one can write 
n-m+,,, hf2) 
= 2 >, + ),S(& 
max( h,,, hi2) t2 f2 
where the first inequality comes from the conformity condition and the second one comes from 
the definition of 6( TV) and S( TV). 0 
Corollary 12. Let T( TV) be the set of all possible triangulations generated from the conforming 
triangulation rO , by means of the refinement/derefinement algorithm. Then T( TV) C T( a( rO), 6(q)). 
Notice that the constants a( TV), 6( rO) (which only depend on the initial triangulation) measure 
the quality of the meshes generated, both with respect to their smoothness and with respect to 
the minimum angles generated. 
5. A 3D algorithm and properties 
The concepts involved in the 2D setting generalize quite directly to 3 dimensions. Thus, any 
nondegenerate tetrahedron T is defined by its 4 noncoplanar vertices; the generalized bisection 
of T is the bisection by the midpoint of the longest edge of T and the 2 remaining vertices. A 
tetrahedral mesh 7 will be conforming if the intersection of two nondisjoint tetrahedra is either a 
common vertex, a common edge or a common face. In contrast, 7 will be a &nonconforming 
mesh if there exists at least one point, which is simultaneously the midpoint of the edge of (at 
least) one tetrahedron and the vertex of at least 2 tetrahedra. Note that in a &nonconforming 
mesh there exist nonconforming nodes, edges and faces. 
The 3D algorithm we have developed is the generalization of the original algorithm of Section 
2 [7]. This is based on the following idea: in 3 dimensions, to each $nonconforming point there 
corresponds a set of nonconforming neighboring tetrahedra which should be made conforming 
throughout the process. The following definition will be introduced in order to make these 
concepts more precise. 
Definition 13. The neighbor set of tetrahedron T is the set of the neighboring tetrahedra that 
share with T the longest edge of T. 
The 3D algorithm to refine tetrahedron T over a conforming tetrahedral mesh can be 
schematically described by means of the following recursive procedure. 
Tetrahedron-refinement {r, T } 
Perform a generalized bisection of T 
(let P be the point generated) 
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While P is nonconforming do 
Find the neighbor-set NT of tetrahedron T 
For each T * E NT do 
Tetrahedron-refinement { 7, T * ). 
A 3D derefinement algorithm which reconstructs grids that could be obtained by means of the 
3D refinement algorithm can also be developed. In this case, one should consider the fact that 
each tetrahedron could be divided into more than 4 parts in each refinement step. 
Because of the way the algorithm has been developed, it is clear that it produces conforming 
tetrahedral meshes in a finite number of steps and that the refinement is only propagated in 
order to conform the mesh. Part (a) of Theorem 11 is also valid in the 3D setting. 
An analogous result to part (b) of Theorem 11 has not been proved yet in 3D. To this end it 
would be necessary to prove that the iterative generalized bisection of a tetrahedron should 
produce tetrahedra whose smallest solid angle be bounded away from zero and such that the 
number of similarly different tetrahedra generated be finite. Note that the iterative generalized 
bisection of any nondegenerate tetrahedron produces (over its faces) triangulations that satisfy 
the analogous 2-dimensional property. That is, all the triangles generated over the faces have 
smallest interior angles greater than or equal to the smallest planar angle of the corresponding 
face. 
An empirical study of the reduction of solid angle size due to repeated subdivisions has shown 
the algorithm is in practice a powerful and reliable tool for mesh refinement [ll]. 
6. 3D numerical results and concluding remarks 
As stated before, in [ll] an empirical study of the behavior of the solid angle size of tetrahedra 
throughout global iterative use of the 3D refinement algorithm has been reported. A discussion 
of the data structure used to implement a basic prototype can also be found there. 
As a measure of the minimum solid angle size of tetrahedron T [ll] we have used the function 
where for each vertex P of T, we have computed $ as follows: 
+r = arcsin(1 - cos’~~~ - cos2/3p - co?y, + 2 cos (Yp cos p, cos y, j1’2, 
where ap, Pp9 Y,, are the three coterminous planar interior angles corresponding to vertex P. 
Note that for degenerate tetrahedra c#+ = 0, which means that there exists a vertex P E T such 
that CY~ + &, = y, where y, is the greatest planar angle associated with vertex P. 
Starting with different initial tetrahedra To we have used the 3D algorithm globally to 
construct sequences of 3D meshes rkr and we have studied the behavior of the function 
+(k) = ~$rtGr, k=l,2,... . 
Th 
The numerical results obtained show that the value +(k) tends to stabilize around k = 7 and 
remains almost constant till the last iteration is performed, around k = 11. The last meshes 
88 M.-C. Rivara / Numerical grid generation 
Fig. 5. 
contain between 13,000 and 20,000 elements, which is beyond the practical scope of the 
algorithm. 
In order to illustrate the use of the algorithm in a more realistic case, see Fig. 5, where the grid 
of Fig. 5(b) was obtained by means of local refinement of the initial mesh of Fig. 5(a). 
At this point some concluding general remarks are in order. First, the empirical study shows 
that the tetrahedra generated tend to be improved throughout the process, in the sense that the 
percentage of bad elements tends to decrease when n increases, which is especially true in the 
case of distorted tetrahedra. Even though we do not have a mathematical proof of this property, 
the algorithm developed has shown to be in practice a powerful tool for the refinement of 
tetrahedral meshes. Furthermore, as in the 2D setting, in 3D it is also possible to develop 
“inverse algorithms” for the derefinement of meshes created by means of the refinement 
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algorithm. This is an important feature to take into account with moving fronts or fluid 
dynamics problems where the mesh should be refined and derefined adaptively in the course of 
the computations. 
References 
[l] I. BabuSka, J. Chandra and J.E. Flaherty, Eds., Adaptive Computational Methods for Partial Differential Equations 
(SIAM, Philadelphia, PA, 1983). 
[2] I. BabuSka, J. Gago, E.R. de Oliveira and O.C. Zienkiewicz, Eds., Accuracy Estimates and Adaptive Refinements in 
Finite Element Computations (Wiley, New York, 1986). 
[3] W. Frey, Selective refinement: a new strategy for automatic node placement in graded triangular meshes, 
Internat. J. Numer. Methods Engrg. 24 (1987) 2183-2200. 
[4] W. Hackbush, Multigrid Methods and Applications (Springer, Berlin, 1985). 
[S] E. Hinton, M.A. Crisfield and D. Hitchings, Research Group Seminar on Adaptive Meshing, Benchmark 
Newsletter of the National Agency for Finite Element Methods and Standards (1990) 9-12. 
[6] W.F. Mitchell, A comparison of adaptive refinement techniques for elliptic problems, ACM Trans. Math. 
Software 15 (4) (1989) 326-347. 
[7) M.-C. Rivara, Algorithms for refining triangular grids suitable for adaptive and multigrid techniques, Znternat. J. 
Numer. Methods Engrg. 20 (1984) 745-756. 
[8] M.-C. Rivara, Design and data structure of fully adaptive, multigrid finite-element software, ACM Trans. Math. 
Software 10 (1984) 242-264. 
[9] M.-C. Rivara, A grid generator based on 4-triangles conforming mesh refinement algorithms, Znternat. J. Numer. 
Methods Engrg. 24 (1987) 1343-1354. 
[lo] M.-C. Rivara, Selective refinement/derefinement algorithms for sequences of nested triangulations, Internat. J. 
Numer. Methods Engrg. 28 (1989) 2889-2906. 
[ll] M.-C. Rivara and C. Levin, A 3D refinement algorithm for adaptive and multigrid techniques, Dept. Comput. 
Sci., Univ. Chile, 1990. 
